Differential equations

First order differential equation
Implicit F(x,y,y$ =0 or Explicit y¢=f (x,y)

In genera = physical laws involving arate of change (with time) of an event = function
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Solution of DE = Functiony = h(x)
Derivable 9 y¢=h{(x) and satisfy DE on interval a<x <b
Conditions for DE to have a solution are general
Many simple DE do not have a solution Ex. (yﬂ)2 =-1=>» no solutionl R

Ex. 1 \_..'.
(y9*- xy¢+y=0

General solution:
y=cx- c® =» family of straight lines;

2
Singular solution: y:XZ => parabola

General solution: many solutions differing by constant = family of curves
Singular solution: 1 additional solution not obtained from general solution

Ex. 2 Radioactive decay

Observed =» decay with time of radioactive substance p to amount present

dy _
> =k

kis a constant (half life) depending on radioactive substance; since % <1=>» k<0

General solution: y =ce"
Verification: y¢=cke" =ky(t)
Particular solution: at t =0, y(0)=Y, P y(0)=ce’=cb c=Y, b y(t)=Yg"




Geometrical interpretations

y¢=f (xy) istheslopeof y(x) = if y(x) solution passing through (X, ;) of xy-

plane then slope at that point is f (%, Y,) =2 f(x,y) = direction field (or Sope field) of
solution curves

Isoclines: y¢= f (x,y) =k = constant

Ex. 1 y§(x) =Xy, the isoclines are hyperbolas

aCAS bt By isoclines

General solution exist: y=ce“’? ; verification: y¢=x(ce*’?) = xy

Ex. 2 van der Pol equation of electronics y¢= 0.1(1- x2) X
y
Direction fields give all solutions with
limited accuracy

More accurate method = numeric method
Allows to solve DE for which we have no
solution

g ; '~ ExEuler-Cauchy method and Runge-
: e Kutta method



Methodsto find general solutions

Case 1: Separable DE
g(y)ye=f(x)p g(y)dy="f(x)dx

Solution: c‘g(y)%dx:(‘)f (x)dx+C but since %dx:dyb P (y)dy=¢)f (x)dx+C
X X
Integrals exist provided g and f continuous

Ex. 1
3)

4
-
Solution: %\ s
¢Pydy + ¢ixdx+C, =0 - @ e
2 2
ory7+% =C, _2!

Oyy¢+4x=0P 9ydy+ 4xdx=0

family of ellipses centered on (0,0)

Ex. 2
ye=1+y*P ¢ d = (pix+C
O_i+y2
Solution: arctany=x +C b y=tan(x+ C)

Note y =tanx+C isnot a solution

Ex. 3
yé¢=Kky with |k| >0

Solution: (‘)d;y:k(‘)jx+clp In|y| = kx+C, b |y| =€*% = Ce"

Where C =+e%“for y>0and C=-¢e* y<0



Ex. 4 Initial value problem —initial condition (IC)

DE: y¢=_Y IC: y(1) =1
X
Solution: ﬂ:-%b In|y|=- In|x|+Clzlni+Clb y:E
y X |X] X

IC=> 1:Eb C=1b y=1
1 X

Ex. 5 Initial value problem

DE: y¢=-2xy IC: y(0) =1

Solution: Y -2xdx P Inly|=-x* +C, b |y| =G =ce ¥
y

ie*=+Cfory>0
|

Where j € =-C fory<0
%C:Ofory:O

IC: y(0)=1p y=e* 2 Bell-shaped curves
YA

2.
1.5




Case 2: Reduction to separable form

y¢—g§°

Solution & use transformation u=2p y = UX
X
P y¢=uk+ub uk+u=g(u)p uk=g(u)-
du _dx
g(u)-u x

Ex. 1
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Construction of mathematical modes

Radio carbon dating

Based onisotope ,C"
Rendered radioactive by cosmic rays bombardment
In the air the ratio of the isotopes C**/C"?is constant

Principle of method:
When living organism dies the absorption (breathing and eating) of C** ends

= Theratio of C**/C" measured compared to value in air p to date of death
Half lifeof (C** is5730 yrs +40yrs (error of 7%)

M athematical model:
ye=ky P y(t)=y,€" where y,istheinitial anount of ,C*
From definition of half life =» time at which the level is ¥ the original one:
1 1 1 1
p ye¥P ==y p & ==p k=——In=»-0.000121 yr*
Yo 2 Yo 2 5730 2 Y

Measurement: if remains contain 25% of origina level

In0.25
p ye002t —agogy b t=— =" vrs»11460+ 80vrs
Yo Yo 0000121 7 o

Comparisors with other dating methods suggest t ~12000- 13000 yrs
=>» vaue given by model is too low, why?



Mixing problem

¥l
400 ¢
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440 | ! |
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Tank Salt Content yiz)

A thank contains 200 gal of water in which 40 |b of salt is dissolved. Each minute 5gal of
water, with 2|lb/gal of salt is added, and the same amount is retrieved

Problem: amount of salt asafunction of time: y(t) Ib
Simplification: the mixing process is instantaneous and perfect

Mathematical model: rate of change y¢(t) :%:inflow - outflow

I nflow: 10 Ib/min

Outflow. since one gal of water contains ﬂ %
g
. . . Sy(t t
5 gal coming out will contalnM = y(t) = 0.0ZSy(t)L
200 40 min

Rate of change: y¢=10- 0.025y(t)
IC: y(0)=401b

Solution:

dy
y¢=-0.025(y- 400) P ———— =-0.0250t
(v- 400)

p In|y- 400|=-O.025t+C1D y =Ce %% +400

c y(0)=40p C=-360
b y(t)=400- 360e°%*

Solution increases with time from 40 to 400.
Equilibrium reached when amount going in = amount going out = y¢=0;



Heating problem (Newton’s law of cooling)

The time rate of change of temperature of abody is described by the following equation:
dT

E M DT = Tbody - TMedium
Model assuming ambient temperature constantat T .., =32'F
ar _ k(Tbody ; 32) b 9T

dt (T - 32)

P In[Ty - 32 =kt +C, b T, =32+Ce"

IC:

T(0)=T,=66Fp 322F+C=66'FP C=34'F

b T(t)=32F+(34'F)e"
Observation: after t =2h T, =63 F

b T(2h) =32 F+34 Fe* =63Fb &* =232 ,,0911765

b Kk (h'l):%ln0.911765=-0.046187 ht

Rate of change of temperature decreases with time as the body temperature approach
temperature of ambient =» Equilibrium = temperature with the ambient

For t =10h T (10 h) =32'F +34'Fe *****™ =53 4°F



Velocity escape from Earth

MODEL = Newton's law of gravitationma = - GMm/r?

At the surface of Earth with radiusR: a=g =GM /R
R

2

Atany radius a(r) =
r

. . B ar v R
Separation of variable DE b vdv = - gR2—2D 5 g—+C
r r

IC: on surface of theEarth r =R and v=v, P C=ﬁ§- ogR

20R°

General solution: v = +V. - 20R

When v =0 the projectile stops and reverse trgjectory (fall back to Earth)

2
However, if we takev, :,/ZQR , then V—§ gR=0and Vv’ = 29R
r

2
>0 and v remans

positive reaching O only at the infinite

Escape velocity: v, :JZgR
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Exact DE

Genera form: M (x, y)dx+N(x,y)dy=0

Solution: u(x,y)=C , suchthat du :de+ﬂdy: Mdx+ Ndy = 0
ix Ty
Condition (necessary and sufficient): M and N have continuous first partial derivatives
2 2
andm:ﬂu = ﬂu :ﬂM
x Ity  fyix Ty

Solution: if M (x,y)dx+N(x,y)dy=0 then u= Mdx+k (y) where k(y) playsthe

role of constant =» to determine k(y) derive TT—U to get % and integrate.
y

y
Note: we could have started with u = GNdy +1 (x)

Ex. 1 (x3+3xy2)dx+(3x2y +y3)dy =0
Verification: M _IN_ Xy
fy x

First integration: u = dx3 +3xy2)dx+k (y)p %x“ +gx2y2 +k(y)

4

Determination of k: ﬂ—u:3x2y+%:3x2y+y3p %: yi b k:L+Cl
Ty dy dy 4
General solution: %x4+§ xXy? +%y4 =C

11



Ex. 2 (sin xcosh y)dx- (cosxsinh y)dy = 0, with IC y(0)=3

Verification: M:sinxsinhy:m
X
Integration: u = ¢fsinxcoshy)dx+k (y)=- cosxcoshy +k (y)
Determination of k: jT—u =- cosxsinh y+% =N =- cosxsinhy
y
b K_opk=c
dy

P u(x,y)=- cosxcoshy+C andsince du=0P u=C" b cosxcoshy=C
IC: cosOcosh3=C =10.07P cosxcoshy=10.07

Y\
10

M )] o 0

=1.57

12



Reduction to exact form using integrating factors

If P(x,y)dx+Q(x,y)dy =0 not EDE

Multiplicationby integrating factor F(x,y) makes DE exact b FPdx +FQdy =0

Note: may exist more than one integrating factor

Condition: il FP= all FQb FP+FP, =FQ+FQ
Ty X
- dF
Easy to solveif F=F(x)P F,=0andF, :d_
X

dF 1dF _ 1éYP 9Qu
b FP =" Q+FQ b —— ==& _ Tc-- R(x
o TP oy w0
Th. 1if right side depends only on x then F (x) =exp&AR(x) dxd

Note: similarly we could have worked with F (y) for convenience sake

Ex.1 2sin(y?)dx+(xycosy?)dy=0 with IC: y(2)=1/p/2

Verification: %=4ycosy2  IN_ ycosy’ = not exact DE
X

Wehave P=2siny*b P, =4y cosy’ and Q=xycosy’ b Q, = ycos Yy’

. _1éYP TQu B , » . _3ycosy?
Since R(x)=—a—- —7P R(X)= COSVY“ - yCOoS =—
( ) Qg‘ﬂy ‘HXH ( ) xycosyz 84y oy yzH xycosyz

Therefore F (x) = exp§OR(x)dxdp F(x)= expgégdxg: exp[3In x| =x°

13

_3
X



Multiplication by integrating factor: 2x°sin (yz)dx+(x4ycosy2) dy=0

Verification: % =4x*ycosy’ = N , exact

Solution: u=(‘)2x3$in(y2)dx+k(y)=%x4sin y> +k(y)
P u, =x"ycosy’ +ki{y) =x*ycosy’ b kf{y)=0p k(y)=C,

P u(x,y) =%x“siny2 =C

1.,.p 1.,.
IC: =2*sin==8=Cb u(x,y)==x*siny*=8
2 2 ( y) 2 y

14



Linear DE

Linear DE: y&+p(x)y=r(x)
Homogeneous linear DE: r(x) =0

Solution: separ ation of variables

If non homogeneous: ( py- r)dx+dy =0P Pdx+Qdy =0

Integrating factor: id_F_ieﬂP ﬂQﬂ ob ( )

Fdx Q&ly Txu

- L
b eCPd (y¢+ py):g%ajd y%:ecpdxr

p e‘\’my: @O’dxrdx+c
- N - . . — _h ’\ h N
Putting h = (yodx ageneral solutionis: y(x)=e gC§'rax+CH

Ex.1 yby=e®
> p=-landr=e”P h=gpdx=-

b e*y(x)=¢p *e”dx+C

b y(x)=e{gp e d+C) =e e+ =cer+e”
Moresimply = using integration factor = & *

P (y¢ y)e*=ee*p (ye'x)¢:exb ye*=e+Cb y=e*+Ce*

15



Ex.2 yt+2y=e"(3sin2x+2c0os2x)

= p=2b h=2x

b y=e?gep™e"(3sin2x+2cos2x) dx + CH= & g sin2x+Cf=Ce** +e*sin2x
Integration: b (g™ (3sin2x +2cos2x) dx = (g™ 3sin2xdx + g™ 2cos2xdx

By part: cyidv=uv- cydu

The second integral yields: u=e* b du=3e*and dv=2cos2xb v=sin2
p (‘)a3x3si n2xdx + @” 2c0os2xdx= c‘fﬁ*BSi n2xdx + €¥* sin2x - c‘fﬁ*BSi n2xdx = e* sin2x

P y=e*ge"sin2x+Cy=Ce ™ +e'sin2x

Ex.3 ye+tan x=sin2x withIC: y(0) =1

p=tanxp h=anxdx=In|secx|P €"=secxb e " =cosx
r =sSin2x = 2sinxcosx

b e'r =secxX2sin xcosx = 2sinx

P y=cosx&¢§in xdx+Cl= Ccosx- 2c0s” x

IC: b 1=C2-2X°b C =3

P y=3cosx- 2cos® X
Reduction to linear form

Bernoulli equation: y¢+p(x)y=g(x)y*
Where a isany real number = for a=0 or a =1 yields linear DE

J-a

Transformation: u(x)=gy(x)g

b ut=(1- a)y *ye=(1- a)y *(gy*- py) P ue=(1- a)(g- py*?)

P ut(1- a)pu=(1- a)g

16



Ex. 1 Verhulst equation (logistic population model)

y¢- Ay =- By’ where A and B are positive constant
Bernoulli formwitha=2p u=y™

P ut=-y?yt=- y'2(- By? +Ay): B- Ay'b ut+tuA=B, whichislinear

Using previous method: p = A h = Ax r=B
2 N AB ~ B
b u=g ™ép eAde+CU:e-Ax§_eAx +CI:I:Ce.Ax i
R - H A
General solution: y:E:B;
U Zsce™
A
A Population y
gl
6
;e
i 4
2
| I i
0 ! ¢ 3 4 Time x

I nterpretation: putting x =t we find the logistic law of population growth

For B =0 the population grows exponentially y= %e“ (law of Malthus)
The bresking term - By® prevent the popul ation to grow without bound
Initially small populations 0 < y(O) <§ increases monotone to S while large

populations y(O) > S decrease to same value

17



Autonomous DE
In the logistic equation, time, the independent variable, does not appear explicitly

> yt=f (t,y) =y¢=f (y) = autonomous DE

Autonomous DE has constant solutions = equilibrium solutions (or equilibrium points),
determined by zeros (critical points) of f (y) , because f (y)=0p y¢=0b y=C*

An equilibrium solution can be
stable = solutions close to it for some tremain close to it for al further t (ex
y = 4in logistic equation)

unstable = solutions initialy close to it do not remain closeto it as t increases
(ex. y=0 inlogistic equation)

Ex. 1 phaseline plot

ye=(y- 3)(y- 2)
Stable equilibrium solutionat y, =1
Unstable equilibriumat y, =2

----------------------------------------

B I W N A - o

We can condense the direction field (A) to a phase line plot (C) giving y, and v, and
direction of arrows (B) showing equilibrium

18



Orthogonal trajectories

Important class of problem in physics = find family of curves that intersect a given family
of curves at right angle = orthogonal trajectories

Ex. Isotherms, heat flows, equipotential curves, curves of steepest descent, etc.

Step 1: find DE for which the given curves are solution curves y¢= f (x, y)
1

Step 2: write down DE of orthogonal trgjectories y¢=- W

Step 3: solve DE of orthogonal trajectories
Ex. 1 one parameter family curves F (x,y,c) =y-cx’ =0 or y=cx? family of parabola

Step 1:  y¢=2cx ...not good because we must eliminate parameter

y _ y¢ _y _ _2y
b LZ=cb Z-22L=0p y¢=22
NG XX 4 X

Step 2: DE of orthogonal trajectories y¢=- 21
y

2
Step 3: orthogonal trajectories 2ydy =- xdx b y* =- X?+ ¢ one parameter family of

ellipses %xz +y*=¢

19



Existence and uniqueness of solutions

For DE, in most cases, general solutiors exists
For an IV prb there exist 3 possibilities:

1) No solution
2) Only one solution
3) Infinity of solution

Problem of existence: conditions for at |east one solution

Problem of uniqueness: conditions for at most one solution

Th. 1 existence theorem

If f(x,y) continuousat al points (x,y) in R:|x- x| <aand |y- y,|<b and
bounded in R:|f (x,y)|£ K then the IVprb has at least one solution defined for all x

ininterval |x- x| <a where a smaler than two numbers a and E

Th. 2 Uniqueness theorem

If f(x,y) and 1111—f continuous for al (x,y) in R and bounded f £K and
y

T £ M then the IVprb has at most one solution y(x) defined at least for al x in

Ty
interval |x- x| <a .

a) £3 aba=a;b) £<ab a :%,forlarger or smaller x’s nothing can be deduced

20



Linear DE of 2nd order

Many important applications in physics
Theory typical of that of linear DE in general =» extension to higher order is
straightforward

General form: y@+ p(x) y¢+q(x)y=r(X)
Homogeneous: y&+ p(x) y¢+q(x) y=0

Solution: function h(x) ininterval 1:a<x<b and with continuous derivatives h®(x)
and h{x) in |

Ex.1 y¢ y=0 withy=¢€*or y=e " assolutions

General solution = linear combination: y=ce* +c,e’”
Superposition or linearity principle

Th. 1 Fundamental theorem for the homogeneous linear DE 2"°

For homogeneous linear DE of 2" any linear combinations of 2 solutions (or sum and
constant multiples) on an open interval are solutions

21



IVprb - General solution as basis

Solution: y=cy, +cC,Y,
IC = 2 conditions: y(%,) =k, and y¥qx,) =k,

Ex.2 y@& y=0 with IC: y(0)=4 and y®0)=-2
Applying IC to solution:

y=ce+ce”p y(0)=c +c, =4
yb=ce'- e P y{0)=c - ¢, =-2

P c=1ladc,=3

General solution: y=¢€*+3¢ *

A general solution of homogeneous linear DE of 2"? or der is a solution of the
typey=qy, +CY,, wherey, * ky,

The two solutions form a basis & y,(x) and , (x) arelinearly independent =
k.y, +k,y, =0implies k, =k, =0

Ex.3

y¢ y=0 =» basis y=¢€* and y=€ = solution: y=ce*+c,e’”

y@&+y=0 => basis. y=cosxand y=sinx=>» solution: y =c, COSX+C, Sinx

22



Reduction of order

Method to find y, wheny, isknown b y@+ py¢+qy, =0
Set y, =uy; P y§=ug;+uyfp yg=uly, + 260+ uys
Substitute in DE:  y$+ py$+qy, =0

b (u; +2uGe+ uy@+ p(ud, +uyf) +quy, =0

b uly, + uq2yS+ py,) +u(y® pys+ay,) =0

= u@+u¢€@—yp+ py12=0
e Y g

a2ys  §
Or U+ '+ p-l =0

eY [}
. : du_ a2yt 0 . 1 - p
Separation of variables: Tt p=dxb InJU|=-2Inly|- gpdxb U =—e
e N1 4] 1
Because U =utand y, =uy,P y, =y, Jdx
S nceﬁ =u= (‘dex, the ratio is not constant and the two solutions form a basis.
Y1

Ex.4 x’y& xy¢+y=0 or y¢-l¢+lzz
X X

By inspection y, =x since y¢=1and y¢=0
Then p:-ib - opdx =1nx
X

1 1
And U ==€d™ == pb y_ =xJdx = xInx
X X Y. =

General solution: y(X) =c,x+c,xInx

A particular solution describes the unique behavior of a given physical system. If p, g

and r are continuous function on | then there alwaysexist asolutionon | whichis
unigue (no singular solution exists)

23



Homogeneous linear DE of 2nd order with constant coefficients
Genera form: y@¢+ ay¢- by =0

Asasolutionwetry: y=€e'*pb yt=1d*p yl=| %~

Replacing in the equation: (I “+al +b)e'X =0

Solution=>» (I +al + b): 0 (characteristic equation)

L =1(-asf@ )
Roots: 2
I, :%(-a- & - 4b)

Sothe2 basisare: y; = exp(l,x) and y, =exp( ,x)

Depending on the sign of the discriminant a® - 4b =» 3 solutions possible:
1) >0=>» 2distinct rea roots
2) =0=> 1real doubleroot
3) <0 => 2 complex conjugate roots

Case 1=» 2digtinct real roots b y=c€* +c,€*

Ex.1 DE: y@¢+y¢- 2y=0 IC: y(0)=4 and yq0)=-5
b =1(-1+\/§)=1 | :1(-1- J§)=-2
) 22

P y=ce*+c,e®p yt=ce*- 2c,e™

y(O) =c tc, =4

IC:
y{0)=c - 2c, =-5

Pc=ladc,=3p y=¢e+3*

24



Case2=>» real doubleroot

l,=I,=- g-)AflrsIsqutlon yl—e2

Second solution: 'y, =uy, P y§=u,+uyfp y$=uly, +2uGe+ uyd
P (udy, +2ugg+uyd +a(udy, +uyg) +buy, =0, which reducesto

&, + u2yS+ay,) =0
But since y¢--Ey1D uy, =0p u€=0P u=cx+c,

a
-—X

Possible second solution is y, = xy, and general solutionis y=(c, +c,x)e 2

Ex. 2 y@¢+8y¢+16y =0
Characteristic equation: | 2+8l +16=0 = doubleroot: | =-4

General solution: y=(c, +c,x) e

Ex. 3 1Vprob: DE: y& 4y¢+4y =0 Cl: y(0)=3 and y§0)=
Characteristic equation: | 2- 4l +4=(1 -2)°p | =2

Genera solution: y=(c¢ +c,x)€” b yt=c,e”+ 2(¢ + c,x) €

C y(0)=e=3  y0)=c+26=1p o=

Particular solution: y=(3- 5x)€’

25



Case3: a’- 40<0 = complex roots
Ex.1 y@+y=0b |2+1=0Pp |2=-1b | =+J-1=+i
Basis. € and e

e =cosx+isinx

Using Euler formulac o
e =cosx- isnx

1'ix - XY
P cosx :E@ +te g

=} sinx—i' e R
2ige H

P cosx and sinx are also solutions

26



Case 3 (continue): complex roots
To make radicand positive:

1 1 >—— 1 1. —— 1 . ’ 1
|l:-§a+5 a2'4b:'za+§| 4bh- a2=-5a+l b'za2

. . 1
 =- Latiw and | , =" L a-iw where w :«/b- —a’
2 2 4

% - —=X+WX —Ex L.
pe¥*=e?  =e? (coswx+isinwx)
. a
X — -Ex-rwx_ -Ex L.
pe*=e =e 2 (coswx- isinwx)

Adding and dividingby 2: P y, =€ ? coswx

Subtracting and dividing by2i: b vy, = e 2 sinwx

General solution: y=e 2 (Acoswx+ Bsinwx)

Ex.2 DE: y¢+0.2y¢+4.01y =0 ¥

IC: y(0)=0 y¥0) =
Characteristic equation:

| 2+0.21 +4.01=0
Complexroots: -0.1+2i b w=2 1257555

General solution:
y =€ ( Acos2x+ Bsin2x)

IC: y(0)=A=0

y¢=Be " (- 0.1sin2x + 2cos2X)
P y®0)=2B =2p B=1

Particular solution: y =e *™sin2x

I nterpretation: damped vibration =» amplitude of oscillation decreases exponentially

27



Summary of cases1to 3

Case Roots Basis General solution
Distinct red
1 e, y=cé* +c,e'*
I, 1,
Real double
2 I 1 g 2 xg 2 y=(c, +xc,) e
=-—a
2

Complex conjugate

| = Losiw e /2 coswx
3 1 2

y =€ *? ( Acoswx + Bsinwx)
-ax/2 o
e ™2 gnwx

| —-la-iw
o2

Note: in mechanics or electrical circuits, these 3 cases correspond to 3 different forms of
motions or flows current
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Differential operator

The differential can be seen as atransformation writing DE as Dy = y¢ =» differential
operator D that operateson y

Ex.1 Dx*=2x or D(sinx)=cosx
Higher derivative: D(Dy)=D(y§ = y#or Dy
Second order DE operator: L=P(D)=D*+aD +b

P L(y) :(D2+aD +b)y: y&+ay¢+by

The operator islinear: L[ay+bw|=aL(y)+bL(w)

Homogeneous differential equation: L(y)=0

Since D(€*)=1*p D?(&*)=1 %"
P(D)ge'xfj:(l 2+al +b)e'X: P(l)e"”
Since €' * issolution P(l )=0

Casel: P(l )=> 2 different rea roots

Case2: P(l )= double real root = needs second independent solution
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Start with P(D)ge *p=(1 > +al +b)e'*=P(1)e"

Differentiating: (P(D)g¢ *§)"= Pe{l )e'*+P (1 )xe'* = P(D) gxe "}

Because ng—lp b Pl )e™ +P(1 )xé* =(2l +a)e*+(1 2 +al +b)xe*
=(2 +1°x)é*+a(1+] x)&* +bxe'* =(D?+aD +b) xe

For doubleroot: | =-~a P P(1) =Pl ) =0p P(D)(xe")=0

b xe* issecond solution

Since P(l ) isapolynomial b P(D) is polynomial operator

Ex. 2 Factorize P(D)=D?+D - 6 and solve P(D)[y]=0

D*+D- 6=(D+3)(D- 2)

Since (D-2)y=yt-2yb (D+3)(D- 2)y=(D+3)(yt 2y)=y&+ ¥ 6y
Similarly: (D +3)y=y¢+3yp (D- 2)(D+3)y=(D- 2)(yt+3y) =y y 6y
Solutions: (D+3y)=0P y=e* and (D-2y)=0Pp y =™
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Modeling: free oscillation (mass-spring system)

Physical assumptions: mass of body >> mass of spring
Orientation: positive displacements downward

Hooke'slaw: F, = - ks, where k>0 spring modulus and s, stretch =» the smaller
kthelarger s,

Assume static equilibrium: F, balance the weight W = mg
Applying Newton law: F,+W =- ks, +mg=0

Putting y =0 at position of equilibrium =» y measures displacement of body from
equilibrium position

—

B

Unstretched

spring :i:.s
System in
static
equilibrium System in
motion
(a) (b) (e)

Experiment: pulling weight downward = restoring force F, =- ky

Damping: dissipation of energy of mechanical system
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Ignoring damping: my@®+ky =0p y®+£y =0
m

: . k
Solution: y(t) = Acosw,t +Bsinw,t where w, = \/%

=» Har monic oscillation
Putting B=sind and A=cosd b C=vA?+B’ and tand :EA

Solution transformed into y(t) = Ccos(w,t- d )

Period: % Frequency: % (Hertz)

0

3 possible cases depending on initial velocity: y¢=0 or y¢=1%V,

YA %)

A ®
- -
-~ ~
’ //
1

@ Positive
@ Zero Initial velocity
@ Negative
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Including damping
=>» damping force p y¢= %D F,=-cyt

Newton's law: my@+cy6+ ky = y@+£y¢|— Ey =0
m m

Characteristic equation: | 24 C +£:O
m m
Roots: |,, =- RN
’ 2m 2m

Putting a =% adb -1 ¢’ - 4mk
2m 2m

Pl,=-a+b adl,=-a-b

Formal solution depends on amount of damping:
Case 1: over-damping P ¢ >4km

Case 2: critical damping P ¢ =4km

Case 3: under-damping b ¢ <4km
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Solution in case 1 (Over-damping):

-(a+b)t

()= ce +ee

Both terms approach zeroas t ® ¥ b no oscillation

()
(1) Positive
_ @) Zero Initial velocity
) (@) Negative




Solution in case 2 (Critical damping): y(t)=(c +ct)e®

Term (¢, +c,t) alows one zero = system passat most by y =0 position

@ Positive
(Z) Zero Initial velocity
(3) Negative

Solution in case 3 (Under-damping):

y(t)=¢€ (Acoswt+BS|nWt =Ce ™ cos(wt d)

Where w’ :—\/4mk c?=,|—-

Amplitude varies between curves y = +Ce ',

The smaller isc, the higher thefrequency\%. Atthelimit c® 0 w ® w,
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Euler-Cauchy equation

General form: x?y@+ axy®+ by =0 where a and b are constant
Trying the solution: y=x"pb yt=mx™'p y#=m(m- 1) x™?

P x*m(m- 1) x™*+axmx™* +bx™ =0

P m(m- 1)x™ +amx™ +bx™ =0
Dropping x™ factor b m*+(a- 1)m+b=0
Case 1: 2distinct real roots y, =x™ and y, =x™

=> General solution: y = c¢x™ +C,X™

Ex.1 x°y& 25xy¢ 2.0y=0
P nm?-35m-20=0

P m=-05and m, =4

General solution: y = &y c,x*

Jx
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Case 2: 1 double root %(1 a)

(1- a)l,J =n? +(a- 1)m+b where b :%(1- a)2

First solution: y, = x* /2
=> for second solution, substituting y, = uy, in x*y® axy¢+by, =0
P x*(udy, + 2ugg+uy® + ax(u ¢, + uy®) +buy, =0

b Uy, +uk(2xyg+ ay, ) +u(x’yg axyg+by, ) =0

Since last term is zero and y1¢=%(1- a) x X2 :%(1- a)x'y, b 2xyS+ay, =,

p (u‘lkz+u¢<)y1:0 u—@:-ib Inju¢=-Inxp ut=1p u=Inx
u¢  x X

Second solution: y, =y, Inx

General solution: y=(c, +c, InX) a2

Ex.2 x°y@ 3xy¢+4y=0

p %(1 a)=2p m=2,andsolution y=(c, +¢Inx)x’
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Case 3 complex conjugate roots:

m, =m+in and m, =m- in

D Xin :(elnx)n :einlnx

Using Euler formula:
XM = X" = x"e"'™ = xm(cos(n Inx)+isin(n In x))

x™ = X"x " = x"e "™ = x"(cos(n Inx) - isin(nInx))

Usual transformation yields real solutions:

y, = x"cos(nInx) and y, =x"sin(nInx)

Ex. 3
x2y@+ 7 xyGr 13y =0
b m?+6m+13=0b m,=-3++/9- 13=-3+2i

General solution: y =x"° gAcos(2Inx)+Bsin(2Inx)g
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Existence and Uniqueness theory: Wronskian

Homogeneous linear DE of 2" y@+ p(x) y¢+q(x)y=0

General solution: y=cy, +c,Y,
|V prob: (%) =K, and yqx,) =K,

Linear independent solutions — Wronskian

Linear independence: k.Y, (X) +k,y,(x)=0pP k, =k, =0

Wronskian determinant: W(y,,y,) =

Y1 Y
y1¢ yj:)ﬁyg' Y, Y8

1




Nonhomogeneous DE of 2nd
General form: y@+ p(x) y¢+q(x)y=r(X)

Th. 1 Relation between nonhomogeneous DE and homogeneous DE

a) The difference of 2 solutions of an nonhomogeneous DE on some open interval
| isasolution of the equivalent homogenous DEon |

b) The sum of a solution of a nonhomogeneous DE on | and of a solution of the
equivalent homogenous DE on | is a solution of the nonhomogeneous DE

General solution of nonhomogeneous DE on open interva | is of the form:
Y(%) = ¥ (%) +y, (X)

Where y, (x) =cy; (x) +¢,Y, (x) = general solution of homogeneous DE and y, (x) =
any solution of nonhomogeneous DE without arbitrary constants

Particular solution: ¢, and ¢, are values definedin y, (X)
A general solution includes all solutions

If coefficients of nonhomogeneous DE of 2" and r (x) are continuousin |
- Solution exists because both y, (x) and y, () exist on|
Once y, (x) established, IVprb solution is unigue

Th. 2 Suppose that coefficient and r (x) continuouson | then every solution of

nonhomogeneous DE is obtained by assigning suitable values to arbitrary constants in
general solution of nhonhomogeneous DE

Practical conclusion: to solve a nonhomogeneous DE of 2" order or IVprb:
1) Solve the homogenous DE

2) Find particular solution y, (X)
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Ex.1 DE: y@+2y¢+101y=10.4€* IC: y(0)=1.1and y¢(0)=-0.9

Step 1 — solve homogenous DE

| 2+2| +101=0P |, =-1+10i

Py, =€ (Acosl0x+ Bsin10x)

Step 2 — determine particular solution of nonhomogeneous DE
Wetry y, = Ce"

P (1+ 2+101)Ce* =10.4€"
p C=01

General solution: y =y, +y, =€ *( AcoslOx+Bsin10x)+0.1€"

Step 3 — particular solution
y(0)=A+01=11p A=1

y¢=¢*(- cosl0x- Bsin10x - 10sin10x+10Bcos10x) + 0.1
P y®0)=-1+10B+0.1=-09P B=0

Particular solution: y =€ * cosl0x +0.1e”
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Solution by undeter mined coefficients

Considering the form y@+ay6+ by =r (x)

Choose for y, aform similar to r (x) involving unknown coefficients to be determined by
substituting in solution.
Rules:
A) Basic—If r(x) isoneof the function in table below choose y, in second column
of table and determine coefficients by substituting y, + derivativesin DE

Termsin r (X) Choicefor v,
ke Ce”
k" (n=0,1,2,...) K X"+ K X"+ +Kx+K,
k coswx 1] :
. v K coswXx+ M sinwx
ksinwx g
ke® * coswx uea K "
7€ (K coswx+M sinwx
ke? * sinwx g ( )

B) Modification rule —if atermin y_ happens to be a solution of homogeneous DE
then multiply by x and x* (double root)

C) Sum rule—if r(x) isasum of afunctionsin table then use sum of 'y,
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Ex.1 y@+4y=8x°

Py, =Kx*+Kx+K,

P y$=2K,

Substituting: 2K, +4(K, X + K, x+K,) =8x?

Equating coefficients: 4K, =8 , 4K, =0, 2K, +4K,=0
b K,=2,K =0and K,=-1

Py, =2x-1

General solution: y =y, +Y, = Acos2x+ Bsin2x+ -1

Ex.2 y@# 3yt+2y=¢

Characteristic equation: | *- 3| +2=0pP |, =1andl,=2 P y, =ce‘ +ce*
Choice for y, cannot be Ce* because thisis solution of homogenous DE
Trying (rule B) y, = Cxe’

P y¢ :C(eX +xex) and y¢=C (2eX +xex)

Substituting: C(2+x)e* - 3C(1+x)e* +2Cxe* =e'p C=-1

X

General solution: y =ce* +c,e”- xe



Ex.31Vprb DE: y#+2yt+ y=(D+1)’y=e* y(0)=-1and yq0)=1
Characteristic equation: (I 2+1)2 =0b | =-1 (double root)

Py, =(c, +c,) &

Rule B (double root) Py, =Cx’e”

=} yg:C(Zx- xz)e'x =} ygL:C(Z- 4x+x2)e'X

Substituting: x and x*terms drop out

b c(2- 4x+x2)e'X+2c(2x- xz)e"‘+ Cx’e*= 2Ce*=e*p C=2
2

General solution: y=(¢ +c,X)e” +%x2e'x

IC: y(0)=c,=-1 and y%0)=c,- ¢,=1P ¢, =0

%1-2 Ox
b y=g=x?-1:
YT T
y
0.2_ /\
| | —r | | -
0 2 4 6 e x
-0.5F
_1--




Ex.4 DE: y@+2y¢5y=1.25¢"+40c0s4x- 55sin4x
IC: y(0)=0.2 y®0) =60.1
Characteristic equation: | *+2| +5=0b |,,=-1+2i
Py, =€e"(Acos2x+Bsin2x)
From the table: y, =Ce™™ + Kcos4x+ M sin4x
y¢ = 0.5Ce™ - 4K sin4x +4M cos4x
y$=0.25Ce"* - 16K cos4x- 16M sin4x
Substituting: (0.25+1+5)Ce”™ +(- 16K + 8M +5K ) cos4x+(- 16M - 8K +5M )sindx

Equating coefficients: 6.25C =1.25p C =0.2

11K +8M = 40
'b K=0andM =5
-8K-11M:-55}§

General solution: y=e*(Acos2x+ Bsin2x)+0.2€* +5sin4x
IC: y(0)=A+02=02pP A=0

y¢=e (- Bsin2x+2Bcos2x) +0.1e** +20c0os4x
y¢(0) = 2B+0.1+2.0=60.1P B=20
Particular solution: y = 20€ *sin2x+0.2e%* +5sin4x

Y
30
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Solution by variation of parameters

Standard form:  y&+ p(x) y¢+q(x) y=r(x)
With p, g, and r arbitrary variable functions continuous in interval |

Particular solution: y, (x) =- yl(‘)zvidx+ yz(‘)zi/—rdx

Where y,and y, solutions of homogeneous eguation and W =y, y§- vy, y¢

Ex.1 y@+y=secx
Solution to homogeneous equation: y#+y=0pP y, =cosx andy, = sinx
W =cosxcosx- sinx(- snx) =1

Py, =- cosx(yin xsecxdx +sinx (pos xsec xdx = cos xIn|cosx| +xsin x

General solution: 'y =(c, +In|cosx|)cosx+(c, +x)sinx
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Modeling: forced oscillations. Resonance

Free motion of mass on spring =» homogenous DE: my@+cyé+ ky = 0
Driving force (or input) r (t) = nonhomogeneous DE: my®+cy®+ ky =r (t)
Particular interest: r (t) = F, coswt

Solution = output or response: y=y, +y,

Method of underdetermined coefficients Py, (t) =acoswt + bsinwt
b yg(t) =-wasinwt +wbcoswt

P y#(t) =-w’acoswt - w’bsinwt
Substituting: gk- m/vz)a+wcbgcoswt +g-wca+(k- mNZ)bgsinwt = F, coswt

(k- mw?)a+web = F,
%-wca+(k- mw?)b=0

Linear system of 2 algebraic equations in two unknowns
Solution by elimination (Chap 6)
_ 2
a=F, K mzN and b=F, WCZ
(k- ITWZ) +w?c? (k - m/v2) +W?c?

Putting w, :\/% with w, >0

2 2
m(w0 -w ) wC
5 and b=F, 5
m? (wg- W2) +Ww?c? m (Wj- WZ) +w?c?

a=F,
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Case | undamped for ced oscillation

No damping b ¢c=0

t)= &< coswt= g coswt
(1) m(woz-wz) é sy &l
k@.-g——u
g eogy
— FO
y=Ccos(w,t-d)+— coswt
€ awol
k§1-9—+u
g Yooy

Interpretation: output = superposition of 2 harmonic oscillations, one with natural

frequency % and the other with the frequency of the input %

Maximum amplitude: a, =Fo, where r :;2 is the resonance factor
k an 6
1- c—-=
gwoﬂ
. . LT A
Ratio of amplitude of y, and input: < E
0
PA :
|
|
|
|
1] |
o | =
W, 0
|
|
|
|
|




Resonance phenomenon:
Forw®w,P r ® ¥p a,® ¥

In case of resonance DE:  y@#+w?y = icoswot
m

From modification rule: yp(t) -_Fo tsinw,t =» becomes larger and larger
0

Yo A

Without damping, vibrations could destroy the system
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Beats:
If wt w, but very close, for IC: y(0) =y¢0)=0

Particular solution: y(t) = W (coswt - coswt)
0

Or y(t)= 2R in & *W

O, a8, -W. 0
m(wé-wz)smé 2 2

zsin
g & 2 g

Since w, - w small, period of last sine becomes very large = this produces the beat
phenomenon (amplitude varies harmonically)

t

Y\
i ~ ”
AN b
\ !/ \\
/
! x !
/ A¥ :
T\ by o e
\\/ U j U U f t
r rd
7 \ 7/
M <
~ ,f N ,/
) - s ) -
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Casell: damped for ced oscillation

Damping P ¢>0

y, (t)=€e™ (Acosw*t+ bsinw*t) with w™ = %

The solution approach zero after a sufficiently long time

Solution of nonhomogeneous DE = transient solution: y =y, +y,

Approach steady state solution y, after sufficiently long time =» output becomes
harmonic oscillation

Thisis the normal behavior of rea physical systems = no damping isideal case

Practical resonance: in damped case amplitude stay finite as w ® w,, becomes
maximum for some frequency W(c) =>» some input may destroy the system

Amplitude of Yo

y, (t) =C cos(wt- h) where C" =+/a®+b? = F

2
\/mz (wg - W2) +WwW?c?

_b__ we
and tanh = " m(w§- W2)

Maximum > 2€ = op é—2m2(w§-w2)+c2f.lw:0
p 2m2(W02-W2):c2

For large damping ¢® > 2miw? =2mk =» no solution C’ decreases in monotone way as
W increases
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If ¢ £2m’w. =» onesolution

2
/ c . .
For w=w,,, =.|W- o increases as ¢ decreases approaching w,as c® 0
m

Amplitude C" (W, ) S aways finite for ¢>0

4mPw; - ¢°

Since C’(w) increases as ¢ decreases and approaches ¥ as c® 0

-:-W<WO|3 h<B
. 2
)
Phaselagh : :'W:WOD h:%
i
i D
Pw>w, b h>E
I
uy
T —————c=0
] c=1/2
: c=1
| c=2
I
T
e
|
I
I
|
|
0 .l |
0] 0 1 2

Note: Whereas DE of 2" order have various applications, higher order DE occur
much morerarely in physics (Ex. binding of elastic beams)

The theory is much similar to that of DE of 2™ order
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2) Transformation v = ay+ bx+ k

Ex. 7 (2x- 4y+5) y6+ x- 2y+3=0

Theterms 2x- 4y and x- 2y =& v=x- 2ypP 2y=x- vb y¢:%(1- vo)
Substitution: g2x- 2(x- v)+5g%(1- vl +x- (x- v)+3=0

P [2v+q%(1- v +v+3=0P (2v+5)- (2v+5)ve=-2v- 6

p (2v+5)v¢= 4v+11b 884V+109dv=2dxb v+l 19dv=2dx
Sav+lly & a+ll g
~ 1 o . 1
b &l- Qv = (Pdx+C, b v- =In|4v+11 = 2x+C
Gl g1 0T PHTCP Ve ginfdvady =2x+C,
v=(x- 2y)

1
P x- 2y- =In{4x- 8y +11| =2x+C
Substitution y 4 | y+14 1

b 4x- 8y- In|[4x- 8y +11 =8x+C
b 4x+8y+In|4x- 8y+11=C
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