Vedtor dffaratid cdculus

Vector algebra
Two kind of physical quantities:

Scalar: mathematical object with 1D property, the magnitude: ex. the size or
mass, displacement r

Vector: mathematical object that is defined in 3D (or more) - takes into account
degrees of liberty (dimension) of the action, ex. a displacement also as a
direction r; A vector isa mathematical entity that describes the action possible
along different degrees of liberty of a system

Components of vectors: d=a=[a, &, a]:
a=%-X
In Cartesan coordinate system: a, =V, - Y,
B=%4-14
Defined as an operation: the components are differences between two values defined within

the scalar field that span the vector space = thisis a relative description (ex. = position of
object in space)

Norm (magnitude) of vector: |8 =|d =4/a +& +&

Yields information about the magnitude of the action (weighted by a scale or metric)

Notion of (identity) equality =» vector must have same magnitude and direction

To be able to develop operations on vectors we need the following theorem:

Th. 1 Algebraic definition of vector

Given a Cartesian system of coordinates = each vector uniquely determined by its components

Conversdly, to each triplet (a,, &, &) corresponds precisely one vector d




Operations

Addition: @+b =[a +h,a, +b,,a, +b}]
a) Commutative: a+b=b+a
b) Associative: (U+V)+ W= U +(V +W)

Identity for addition: 0=[0,0,0]
¢ a+0=4a

Inversefor addition: - a= [ a,- - az]
d a+(-a)=0

Geometric equivalent: (Hilbert infinite dimension al space in QM)
Triangleinequality: the direction takes some of the weight of action

e |a+b| £[a] +p|
Par allelogram equality: sum on left correspond to two times diagonal — the direction

amplified action by factor two
0 [a+t+ Ja-of =2{al o

Scalar multiplication: ¢d =[cay, ca,, ca,] , where ¢ is ascalar (correspondsto a
transformation of scale)

Basic properties:
a) c(é+5):cé+cﬁ
b) (c+k)a=ca+ka
0 c(Kka)=(ck)a= (ke)a= k(ca)

d la=a
From basic properties of addition and multiplication by scalar:
a 0a=0
b) (-1)a=-a
|dentity |&] =1 and Nor malization: % =1
a

Note that there is no division by a vector




Vector space

A field is an algebraic structure with notions of addition, subtraction, multiplication, and
division, satisfying certain axioms

Any field may be used as the scalarsfor a vector space

Vector Space: the set of all vectors fromR *with two algebraic operations, vector
addition and scalar multiplication

Unit vectors: & =[a,,a,,a,] =aji +a,] +ak
Where i =[10,0]  j=[0,1,0 k=[00,1],formabass

Dimension of R*=number of linearly independent vector in set — linearly independent
means the actions are independent on these degrees of liberty

The fact that the vector is defined on different degrees of liberty (directions) introduces 2
new kinds of operations — dot product and vector product

Inner product (dot product)

&

a

axo =ab, +ab, +ab, :|é||6|cosg P cosg =

Q|
(oX]

Where g istheanglebetween & andb b 0£g £p

a ) S ;
\Y ', a \\'.
b b b

asb >0 asbh=0 arb<0

The dot product is a projection of one vector along the other vector degrees of liberty and
yields the resulting action on this degree of liberty — the projection is simultaneously done
along the other vector degrees of liberty, because the operation is relative (commutative) =
the result isascalar




For example:
ax =|d (|5| cosg)
the projection of the action of b on & degree of liberty
ax = H (ja] cosg)
or relatively the projection of the action of @ onb degree of liberty

Ex. 1: Work done by a force
A congtant force F acts on abody giving it a displacement d

The work done by the force: W =|If||a|cosg = F »d ; thework (action) isin the direction of
displacement

To balance the weight of the car the force should be equdl to its projection on the ramp:

|p| =|&|cosg where g =90 - 25" =65’

Projectionof don b: p=|d|cosg with p >0 pardld to b and p< 0 antiparald to b
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Multiplyingby — =1p p=|a
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Inex. 1, the work doneis maxima only ifg =0, when the force acts 100% in the direction of
the movement

Important caseisg :E b a =0, there are no action if the two vectors are along linearly

independent degrees of liberty —the two vectors are Orthogonal (linearly independent)

Th. 2 Orthogonality

The inner product of two non zero vectorsis zero if and only if they are perpendicular

Consider the two vectors & =a,i +aj +ak and b = Qi +bj +bk

Ingenerd @b =abji % +ab,i N +---+abk k =ab +a,b, +ab,
Since i, j and k are unit vectors, forming a basis of the r * space, then:
ix=jx kk=1adix=jk=kxi=0

There are no interactions between the degrees of liberties b linearly independent

Square of inner product = length of vector |a| = Ja>a

The magnitude of a vector isthe action of the vector on its own degreeof liberty

General propertiesof inner product
g Linearity (distributivity): (qé +q25)>«§: Q< + 0, bxe

h) Symmetry (commutativity): a>c =c>a
i) Positivedefiniteness: ax@30b ax@a=0b a=0

j) Schwarzinequality: |é >5| £ |é||5|




Vector product (cross product)

Defines an interaction between two vector s that has an action along a perpendicular degree
of liberties (perpendicular two the plan spanned by the two vectors) b introduces (or
implies) athird dimension — the result of the cross product is a vector

Crossproduct: v=a" b

V| = |é||5|sing = the area of parallelogram with dand b as adjacent sides, v~ to dandb

Geometrical interpretation —the parallelogram area spanned by the two vectors can be seen
asa vector (note the relation of vector with an area)

Av=axb

Consequence: if @//bp v =0, no resulting action when the directionsare parallel

NOTE: Ambiguity 0// to any vector but also 0 to any vector

Components: V =[v;, , ;] (defined arbitrarily) using right-handed system

v, =ah- ba, v, =ba, - ab,, V; =ab, - ab




Same operation can be deduced using matrix form: taking the deter minant

o

|
a
b,

k
a,|=(ab,- ba)i- (ab,- ba,) j+(ab,- ba,)k
b,

& o —

Suggest the resulting action depends on the crossinter actions between components of degrees
of liberty (mixed or crossterms operations)

~
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Ex. 22 Moment of a force (generates movement of rotation)

The moment mof aforce p aout apoint Qis defined as the product:

m=|pd

d isthe perpendicular distance between Q (axe of rotation) and theline of action Lof p;If
I isthe vector from Qto any point A (point of application of force) on L , then:

d =|f|sing b m=|p||F|sing =|F" P|

It follows that the moment of force is avector perpendicularto Fand p: m=7" p




Ex. 3: Rotation of arigid body

Rotation of solid body, uniquely described by W, moment of rotation, which is parald to
axis of rotation

Theangular speedt w =|W|

Thetangential speed v=wd b |W|F|sing =|W F|p v=w




General properties

With | ascalar
a) (1a)" b=I(a b)=a" (ib)
(

a’ (b +c)=(a b)+(a" c)
b) Didtributive on addition - .
(a+b) e=(a" ¢)+(b" ¢
. . d' btb a o .
¢) Not commutative (Symmetric) ~ _ ,actionisinverted (becausetwo inverse
a’b=-b"a
directions possible)
axb A
b

</
RS

I
1'})(21‘5f

a

d) Not associative (a' 6)' ctla '(5'6)




Scalar triple product — generalization of matrix operation

) ka2 Tk
(a b c)=ax{b’c)=|b b bj=afy b b
G G G G G G

Properties:

Geometric inter pretation:
bxel

‘50(5’ 6)‘ = |§||5’ 6| cosb

Since|5' 6| is the surface of basis of parallelogram and |&|cosb is the height of the
paralldogram = thisisthe volume of paralldogramwith @ b ¢ asedge vectors

Th. 1linear independence of 3 vectors

3 vectors form alinearly independent st if and only if their scalar triple product is not zero
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Vector, scalar functions and fields: Derivatives

Scalar function: f = f (P)

Where P isapoint in space
Scalar functions define ascalar fidld

Ex. 1 Euclidean disance = scalar function

f(P)=f(xy.2) =y(x- %) +(y- % f +(z- )’
Scalar field = invariant in different systems of coordinates

Vector function: v=v(P)=gv,(P),v,(P),v(P)g

3

While scdar functions define ascalar field, avector functions defines avector field ina
region of space

In Cartesian coordinates. V(X,Y,z) = gv, (X, ¥, 2),V, (% ¥, 2), vo( X, ¥, 2)§
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Ex. 2 Vdocity fidd = vector field

Velocity vectors V( P) of arotating body

V(x,y,z) =W T =w (xf+yf+ zlz)

A

J

0
y

K
b v= W=-ywiA+ijA:-w(yiA-x1°)
z

X O =

-9

-

BT O

Ex. 3 Forcefidd = vector fied

Particle A with mass M at fixed position P, and free particle B with mass mat P

Gravitationa force: |ﬁ|:%:rc—2 and :\/(x- %) +(y- v ) +(z- z)

Assuming r >0 P 1 =(x- x,)i +(y- y,) | +(z- zo)lz

=l

|F| =r b - — isunit vector in the direction of F

i)
™

r
%16_, C_ C ~ C ~
8'?# =- 5T =-—(X-%)i 'p(y‘ %) -

C
& r r 3

=|F] ~(z-7,)k
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Vector calculus

Assumed continuity of action in space (Space-timeis a continuum)

Conver gence: an infinite sequence of vectors é(n) (n=1,2,...) converge if thereis a vector
asuchthat lim|d, - & =

aisthe limit vector or Ii(@rga] =a

Similarly, convergence of vector function v (t) (defined in neighborhood but not necessarily

a t,) lim|v(t || 0b limv(t)=T
t® 1t t®t

Continuity: V(t) continuous at t, if defined in neighborhood of t,and limv (t) =V (t,)

t® t

v(6)= €4 (9% (0 (OB O)T () T +vs(0)k

Derivative: vi{t) = | |m\7(t+u)' v (t)
Dt® 0 u

Differentiable only if components are
differentiable:

vqt) = g A(t) vet) vt

Rules of differentiation:

i v Wl=(a¢ v wW)+(@ W W+ v W

Ex. 4 derivative of vector function V(t)of constant length is either zero or ~ to V(t)
V[ =V =c? then (V)= Vov+V %¢= 20 7¢= 0

13



Partial derivatives

If V.=[v;, v, \] where components are differentiable functions of variables t,,t, ,... t,
V ~ 25 2y 2 . 2 R

p W _Tp Moo Mg ggp TV WM TV, o) TV

R TR TR Mo, %, T, T,

Differential geometry

~ A

Parametric representation: T (t)=gx(t), y(t), z(t)g=x(t)1 +y(t) j+z(t)l§

Other representations:
y = f (x) Projectionof curve in xy-plane

z=f (x) Projectionof curve in xz-plane
Curves as intersection of 2 surfaces: F (x,y,z) =0 and G(x,y,z) =0
Ex. 1draight line 7 (t)=a+Dbt =[a, +bt,a,+b,t,a,+b}]

If b is unit vector, its components are the direction cosinesof L = [t| measures the
distance from A onL

\ :

wE,
ZT/\

X
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Ex. 2 Ellipsecircle (in xy-plane)
F(t)=gx(t).y(t),0g=gacos(t),bsin(t),0g=acos(t)i +bsin(t) |

Principal axes: xand y direction
Norm: |r*(t)|2 =x?+y?,and since x=acost and y=bsnt

2
b ﬁz+y—2 =1if a=b=> circle
a~ b

Ex. 3 Circular hdix

Twisted curve represented by the vector function:
F (t) =[acost,asint,ct] =acosti+ asintj+ ctk , with c* 0
It lieson the cylinder: x*+y*=a’

For ¢> 0P right handed screw (left otherwise). If c=0thenitisacircle

15



Tangent toacurve Cat point P isthe limiting position of straight line L through P and a
point Q of C asQ approachesP dongC

Following vector hasthe direction of L : F(t+DD3- q(t)

Atthelimit Dt ® 0 rqt):g&r(ﬁﬂ[}z- r (1)

Tangent vector: 7(t)

. ~_ )
Unit tangent vector: u =

rqt)

-

16



Tangent to Cat point P: q(w) = +wrd¢

Ex. 4 Tangent to an ellipse

We search the tangent to the ellipse %xz +y*=1

a P: (\/5]/\/5) which correspondto t =p/4
Here we have T (t) = 2costi +sintj

p rqt) =- 2sinti + cost]
Since 2cos(p/4) =2 and sin(p/4) =1//2 then m?lgz-\/inij :
4g J2

a(w) =&/2.1/ V20 wg V2,1 /N2= 2 (1- w)i +1/V2(1+ w)j

17



Arclength

Let 7 (t), a£t£ brepresent C
We partition theinterval by npoints ty(=a), t,, ..., t_,, t,(= D)
We do that arbitrarily so that the greatest lim|Dt,,| =[t, - t,,,[=0

Thelengths I, 1,, ...can be obtained by Pythagorean theorem

If  (t)hes continuous derivative Ft) = dr/dt the sequence 1, 1,, ...has a limit, which is
independent of the representation of C and of the choice of the subdivisons.

Thelimit is given by the integrd:

Length of curve: | = C‘SVFW@ =>» Cisrectifiable
Arclength sof curveC: s(t) = é«/r‘W@f

aglsg _dr df’_|¢(| agixo , asly o, iz
Sdty dt dt St 5 Sdtg Sdtg

Linear lement ds:
b dF =(dx,dy,dz) = dxi + dy] + dzk
P ds®=dx +dy’ +dZ

Using Arc Length as parameter to a curve =» smplification of formulae

For example, the unit tangent vector: (= rqt ) t(s)=rqs)

)]
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Ex. 5 Circular Helix
7 (t)=[acost,asint,ct] =acosti+ asintj+ ctk

The derivative:

~ ar . _ .
rot) = p =[- asint ,acost,c] = - asinti +acog j +ck
From thiswe get: r®x ¢=a®+c?

So that S:é'\/a2+C2dt~ =tda? +¢?

Hence t = S and a formula for the hdix
a’+c?

& s 0 S s . cs

~=aC0S——i+ asin

r(s)=F c—— j+ K
g\/a2+c2g a’+ c? Ja?+c? Ja?+c?
For acircle ¢ =0 in the counter-clock wise direction

_ab0 S. -
rc—==acos—i+asin—j
Sag a a

Setting s=- s* andusing cos(-a ) =cosa and sin(-a)=- sina
~@® S*0 s*. . S*.

[o- —-=acos—i- asn—j

& ag a a

For acircle in the clock-wise direction

19



Curvesin mechanics: velocity and acceleration

Parameter t = time

Velocity: vV = r*¢:d—r orv=r

Speed (magnitude of velocity): |v| = Jix = % =v

2=

Accdleration: v=a(t)= e

Ex. 1 Centripetal acceleration

Circle of radius Rwith center a origin in xy-plane:r (t) = Rcoswti + RSinwtj

YA
//*fﬁi
:'., — J! s
vi
Rotation in counter clock wise sense w = angular speed
v(t) =i (t) =- Rwsinwti + Rw coswtj
M

Magnitude = rotation speed: |v| = Rw = angular speed w = -

Acceleration: V(t) = - Rw’ coswti - Rv* sinwtj = - wfr = pointstowardsthe origin

Magnitude = centripetal acceleration: | =w’R

20



Tangential and normal acceleration

Applying chain rule for differentiation to curves:

V=ﬂ2ﬂﬁ=u(s)§ where u (s) isunit tangent vector of C
dt dsdt dt
dv _d dsg_ duggsd d’s
a=—=—2U(s)—ZI=—p—= +u(s)—
dt ot & ( )dt,z ds&dt & u( )dt2

Since u('s)istangent to C and of constant length and % A to u(s)
S

duzgls§ _du .

Normal acceleration: — -
ds&dty ds

Tangential acceleration: u (s)d—2S =u (s)ﬁ
dt dt

p a:a'norm +atan

Thelength of a,,,istheprojectionof a inthedirection of v

av, o _awv _aw

Since |a,,| = v »

21



Ex. 2 Coriolisaccderation

Small body B with mass m, movestoward the edge of a rotating disk rotating with
angular rotation speed: w =1

Position vector: r (t)=tb where b= unit vector

Rotating with disk =» b =coswi + sinwtj = cogi +sintj
Velocity: v = % =b +tb

where bisthe velocity of Brelative to the disk
and tb is an additional velocity due to the rotation

Acceleration: a=v =2b+tb butsince b =-b b tb =-tb = centripetal acceleration
Coriolis acceleration: 2binthedirection ” to btangential to the edge of the disk
The body B feels aforce - 2myb against the sense of rotation (reaction due to friction)

In the fixed xy- plane, B describes a spiraling ellipse

Tangential acceleration: a,, Saiad :(%+tb)><t)2+1b)(b +tb):1+t7(b +tb)

M )
_2+t?

Normal acceleration: a ., =a- a,, = 110
+

(b- tb)

22



Ex. 3 superposition of 2 rotations

On Earth, uniform motion of projectile
B aong ameridianM :

r (t) = Rcosgth + Rsingtk

where

b(t) = coswti +sinwtj

w > 0isthe angular speed of Earth

g = angular speed of the projectile

i (t) = Reosgtb - gRsingtb+g Reosgtk

i'(t) = Rcosgtb- 2gRsingth - g’Rcosgb - g°Rsingtk

Centripetal acceleration dueto rotation of the Earth: a_,, = Rcosgtb
Coriolisacceleration: a,, =-2gRsingtb

Centripetal acceleration dueto the motion of Bon M : - g®[ Rcosgtb + Rsingtk]

In the northern hemisphere, singt >0 =» a_, pointsin direction- b, opposite to direction
of the rotation of the Earth

la. | is maximum at the pole and zero at the equator

The effect of Coriolis force ma,, makes B deviates from M to theright (to the left in
southern hemisphere)

23



Historically, the concept of function developed in terms of curves arising from geometrica or

mechanica problems

Some of them became famous as object of extensive studies

Here are some of them:

Archimedes spiral

Hyperbolic spiral

Logarithmic spiral
Asrroid (four-cusped hypocycloid)
Cardioid

Descartes folinm

Diocles cissoid
Lamé curve

Maclaurin trisectrix

Nicomedes conchoid

Pascal limacon (snail)

Steiner hvpoeyeloid

r=ab
F= alf,
r = ge®?

x=4dcos?t, y = 4sin®t

r=uall —cos )
3a sin 28

" Cos® 0 + sin? 6
i 2a sin? #
o cos f
B2+yt=1
i sin 36
W a0
ol
r= + &
cos A

r=2acosf+ b

k3
|

= 2 ¢os t+ cos 2t

v = 2sint — sin 2t

24




Curvature
Curvature of curve C represented by r (s) with arc lengths:

S GOBEUETC)

k(s)=

d_u
ds

Where u(s) =r {s) = unit tangent vector of C (we assume r ('s) twice differentiable)

The curvature isthe length of the rate of change of the unit tangent vector with s
=>» Measures deviation of C from the tangent

For general parameter t =» formula for curvature is complicated

Other definitions using curvature:

Principal normal vector: p(s) :|ui¢u¢:%u¢

Unit binormal vector: b(s)=uxp

Trihedron of curve C

Straight line in direction of
tangent u, binormal b and
principal normal p

Binormal

F;.:—:[if}.'ir;g plang —__ b . — MNorma plane

Rectifying plane: |-y
ub - plane i
Osculating plane: i

up - plane ipal

¥ : S Mo,
A WS \// T
g —
Normal plane: 12 i,

bp - plane
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Torsion of acurve

Measures the deviation of C from the osculating plane
Torsonof curveC:t (s) =-p(s)b{s)

Negative Sgn makes torson positive for right-handed helix
For plane curve = bisconstant = t (s) =0

If blexidt itsdirectionisdong p=» b¢” to band u

P b¢=-tp

Snceu, b and p linearly independent vectors =» form basis = any vector could be
represented as alinear combination of thisbasis

u¢=kp
Frenet’'sFormula: p¢=-ku+tb
b¢=-tp

A curve isuniquely determined (except for position in space) if we prescribeits
curvature k >0andtorsion t as continuous function of arc length s

k =k (s) and t =t (s) natural equations of a curve

26



Ex. 1 Circular hdlix

For acircular helix: s=tya?+¢c?

Hence r (s)= acos§i+asin§j+c§k where K =+/a® +¢?
It followsthat: u(s)=rqs)=- Bgnli +—acosij + Lk
K K K K" K

_a__s. a_ s,
re(s) =- Lz oS i oS-

K (5) =g =rdre= 2 =2

a’+c
1 _ s. .S,
p(s)—mr‘ﬂ(s)—- cos i - Sin-]

b(s)=u(s) p(s) :%sin%i - %cos%j +%k

bq(s) :%cosii +K—Czsin§j

C c
t(s)=-p(s)bqs)=—%=—
Hence, a circular helix has constant curvature and torsion

For acirdle c=0and k = the reciprocal of the radius, whilet =0; also b(s)=kis
a

constant perpendicular to the plane of the circle
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Calculusin several variables

Partial derivatives
If V.=[v;, v, ] where components are differentiable functions of variables t,,t, .. t,

5 . 25 2, 5, 2, .
pﬂ:Mf+MjA+Mkmdp ﬂvzﬂ\lli+ﬂvz +ﬂV3k

]

Tt T mwow 179 [ SR (175 [ S | /) | S, (1) || 8

Of particular interest: x=x(t), y=y(t), z=2(t)

d 9fxdt fy dt 9z dt

b dw_‘[lwdx_'_‘ﬂwﬂ_'_ﬂlvg
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Ex.1 w=x*- y* where x=rcosq and y=rsing

dx .
P —=cosq and —=-rsn
ar oo Eady q
dy . ax _
P —==sing and — = cos
dr g dq q

%‘E 2xcosq - 2ysing =2r cos’q - 2rsin® q=2r cos2q
r

%Vz - 2xrsing - 2yr cosq =- 2r?cosq sing - 2r?cosqsing = - 2r’siny
q

29



Gradient of scalar field

Some (not all) vector fields can be obtained from scaar field

=>» Particularly important in physics

Gradient

Nabla = differential operator K= 1 4L + g

x v %

Gradient: grad f =Nf =ﬁi‘+'"—ff+ﬁl2

x Ty 9z

Vector with length and direction independent of coordinate system

Directional derivative

T
—""4q

Therate of changeof f at any point Pin any fixed direction given by b

i:”mf(Q)' f(P)

=>» directional derivative: D, f =
ds =00 s

Where s isthe distarce between points P and Q

Q =variablepointonray Cindirection b
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Using Cartesian coordinates and |b| =1

A

r(s)=x(s)i +y(s)j+z(s)k=p,+b

Applying chainrule: D, f :Z—f :Exmﬂymlg—fzd
z

s fx Ty

However, since r¢=x¢+y¢+zk =b b D, f :z—f:bﬂf
s

For vector aof any length: b D, f :% :ﬁaﬂf

Ex.1

We search for the directional derivativeof f (x,y,z)=2x*+3y*+7°
at the point P:(2,1,3)in the direction of the vector a=i- 2k

Nf =4xi+6yj +2zk andat P b Nf =8i +§ + &

D, f == (i~ 2k)o8i+ § +6)=- =

V5 V5

The minus sign indicates that f decreasesat Pinthedirection of a
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Gradient characterize maximum increase

Gradient as surface normal vector

Consider asurface f (x,y,z)=c
Tangent plane f= const

Curve Cin space:
r(t)=x(t)i +y(t)j +z(t)k

For C tolieson surface

> f(x(t),y(t),z(t))=c

Tangent vector of C: rd(t) =xqt)i +yqt)j +2z¢t)k
If Clieson S =» rétangentto Sat P
The st of tangent vectorsat P form tangent plane

Normd to this plane = surface normal and surface normal vectors// to this surface

Differentiating f on the surface: leT—fx¢+j|TT_fy¢+E 2£=0
X Ty

Iz

Thatis Nf x¢=0b Nf A r¢

32



Potential

Vector fidds that are gradient of a scalar field = Conser vative potential

Potential function f (P) suchthat V (P)=Rf (P) = vector field

In such vector fields, energy is conserved =» no energy lost or gained in displacing a body

from point P to another point into the field and back to P

Ex. 1 gravitational field (L aplace s equation)

Force of attraction between 2 particles

C aX- x0
F=-—r—-C -
& re r’ g

Notethar J80- (X %) Tato_ (y-%) .4 Tado_
X&r & ' yérg 3 1z&r &
=) F:N&EQ= i
[ o

where f - is the potentid of the gravitationa field
r

(or any potential defined, differing by acongtant: f (P)+k)

- . ﬂzf ﬂzf ﬂzf
= f (P) stisfies L aplace’ sequation: + + =0
(P) aplace'seq o T T

2 2 2
L aplacian operator: N? —D—ﬂ—+ﬂ_+ﬂ_
™® Ty 12

The field of force produced by any distribution of masses is given by a vector function that is
the gradient of ascalar function f satisfying Df = 0inany region of space free of matter
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Divergence

Let v (x, Y, z) be a differentiable vector function of Cartesian coordinatesand v;, v, v, the
componentsof V, then the diver gence:

divv:Nxvzgeﬂ lj +lk9>(v1i+v2j +V3k):M+M+M

—i+
™% v Tz g ™x v 9z

Th. 1 Invariance of the divergence

Vauesof K xv depend only on pointsin space = independent of coordinates

Laplacian = divergence of gradient: N>Nf = N?f

Ex. 1 Gravitational force

o

F=Rf = e
r o

Laplace'sequation: N?f =0 NxF =0
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Ex. 2 Continuity equation of compressible fluid

Motion of fluid in region Rwithout sources or sinks =» compressiblefluid r =r (x, Y, z)
Flow through rectangular box W of dimenson Dx, Dy, Dz = Volume: DV = DxDyDz
Veocity vector: v =vji +\vj +vk

Change of massingdeW : u=r v =[m, m, m] =mi +mj +mk

Flux across boundaries:

entering (rv,) DxDzDt

Surface normd to y : DxDz = ,
leaving (r v,),,, DxDzDx

("V2) )0~ (TV2) Du

Difference: Y DVDt = EZ Dv Dt

abu, 4 Du, + Du, 6

Congdering dl sdes: -DvDt

& Dx Dz &
Change of mass = timerate of change of dengdity: - :TT—rtDVDt
If welet Dx,DyDzDt® 0 then Nxm=Nxr v =- 1111—2

Continuity equation: Nxr v +111—rt =0

For a steady flow: 1]”—rt:0b N> v=0for r = constant b N/ = 0 thisisthe condition

of incompressibility
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Curl of Vector

Consider the differentiable vector function v(X,y,z) = vi +\j +uk

ik
Curl (or rotational): N” v = 1 11
x Ty 9z
Vl V2 V3

Ex. 1 Rotation of arigid body
Angular speed: |?|=w
Veocity field of rotation: v="?"r where r = pogtion of rotating point

For right-handed coordinates. ? =wk and v=?" r = -wyi +wX]

[ | k
Rov=| L T Tk =2
x Ty 1z
-wy wx O
Important properties:.
1. N"Nf=0

Gradient fields describing amotion are irrotational =» field is conservative

2. KI»(N’ v)=0

Th. 1 invariance of the curl

The length and direction of the curl of a vector are independent of the coordinate system
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Lineintegral

Generalization of definiteintegral: ¢) f (x)dx
Consider thecurve C: r (t) = gx(t),y(t), z(t)g=x(t)i +y(t)j+z(t)k

C = path of integration with r (&) = initia point, r (b) = fina point and tincreasesin positive
direction

(a) (b)

Smooth curve: C has unique tangentia at each points whose direction varies continuoudy as
wemovedong C

P r(t) differentiable and r ¢continuous different from zero

Piecewise smooth: every integration path consigts of finitely many smooth curves

Lineintegral of vector F(r ) over curveC: F(r)>dr = QF(r (t))xzt—rdt

C
In terms of component: dr =[dx, dy, d]

P QF(r)sar = Q) (Fdx+F.dy + Fdz) = ) (Fxo+ F,yo+ F,z0) ot
C

C

For dosed curves: @
C
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IMPORTANT: theintegrdl isascalar snce Fx(;—;with t =sthearclengthof C isthe

tangential component of F

USAGE in mechanics: Work done by force F dong path C

Ex. 1Lineintegral in aplane

F(r)=[-y.-9]=-yi- ]
Integrating on circular arc: r (t) =cost i +sint j, where O£t E%

P rqt) =- sinti+cost j

Snceon CP x(t)=cost  y(t)=sint b F(r)=-sinti- costsint |
P ¢F(r)dr = (‘5/2(- sint i - costsint j)X- sint i +cost j)dt =
C

sin2u

Using ¢§in’ udu :g- and putting u = cost b d(u3) =3u’du =3cos’t (- sint)dt

P
2

) . t sinzt
sin’t - cosztsmt)dt =—-
2 4

» 0.4521

b
\D/Z( - g:‘%cosﬂz :%-
0 0

wlE
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Ex. 2Lineintegral in space

Integrate F =7 +x] + yk on path = helix: F =cost T +sint ] +3t k, whereO£t £ 2p
If>f¢:(3tf+costf+sint I2)>(-sintf+cottf+3Iz):-Stsint+coszt+33int

Thefirstintegral using: (xsinax = S|n2ax_ X cosax (or integrating by part)
a a

u sin2u

Usng Cpos udu = > + for the second integral

o) ( 3tsint+cos’t +3sint)dt = - 3(sint - tcost)|” ?— szg +3cost[’ =

=6p +p +0=7p »21.99
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I mportant pointsto consider:

1. Choiceof representation of C does not matter. Vaue of integrd is the same =» choose
representation that will smplify integral

2. Choice of path isimportant. In generd, vaue of the integra depends on path aong
which weintegrate from ato b

2 \

Ex. 3Dependence of lineintegral on path
F(r)= &z, xy, XZZH= 5zi + xyj + x°zK
a) dragntline r,(t) =[t,t,t] =ti+tj +tk, 0£t£1

b) parabolicarc: r,(t) = gt,t°g=ti+tj+t’k , 0£t£1
o . 1 37
Thefirg integrd gives: ¢y(5t +t% +t3)dt = =—
egrdl gives 3 e ==

The second: 6(&2 +t2+ 2tS)dt = %
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Work done by aforce

If Fisaforceand t isthetime b %:v isthe velocity
The work done y the foroe: W = ¢ >dr = )F (r (t))xv(t)ct
C

Newton's 2" law: F = nr ¢=mvip W:Qbmvfwdt:

t=b
Since (v )= vl +v x6=2vy b W = Q) ?ﬁg dt ——m|v|2

t=a

t=b
b W= Qm\/dxvdt—qm?ﬂgdt —m|v|2

t=a

SinceKineticenergy K :%m|v|2 then W = DX

Other formsof lineintegral

Special caseswhen F =Fi or F=F,jor F=F,
J-dx and (F,dy and (J,dz respectively

C C C

Specid casewhen F =F,i and F, = (dx‘;dt) b f=Fx¢
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Ex. 4 f =(x2+y2 +zz)2 integrated on the helix: r ={cost,sint, 3]

Thisisaaspeda case Of (F)dt =)  (F(1))dt > need to evaluate f on the helix
C

Now on the helix the function f :(x2 +y +22)2 =(cos?t+sin2t +9t2)2 :(1+9t2)2

Of (F)dt=q) (1+9t2) dt = Q" (1+18t% +81t*) ot =

C

2P 81

8Ll = 2p +6(2p)3+€(2p)5 » 160135

=t+6t3+—t°
5

0

General properties
1 (F xdr = ky >ar
C

C

3. (F ur = OF dr + OF >dr
C

C1 Cc2

Th. 1 Direction preserving transfor mations of parameters

Any representation of C that give the same positive direction onC aso yield the same value of
the line integral
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Lineintegral and independence of path

F=Nf b F1=E, |:2=E and |:3=E
91z

Tix Ty
B
Inthiscase ¢) Fdx+F,dy+Fdz=f (B)- f (A)

Since Nf =F = f isapotential of F =» lineintegrd is independent of the path only if F is
the gradient of a potentia

Ex. 1 Independence of path

| = (pxXCdx+ 2yzdy + y*dz from A:(0,1,2) to B:(1-17)
C

Look for apotentid:

f.=3p f=x+g(y,z)
f,=9,=2yzb g=y’z+h(2)
f,=g,=y*+h¢=y’p h(z)=0
b f=x+yz

6

. . N 1-1,7
Lineintegral | :9’3)3dx+ 2yzdy + yzdz:x3+yzzo’1’2 =1+7- (0+2)
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Integration around close path and independence of path

Th. 2 Independence of path

An integra is independent of the path in adoman D if and only if its vaue around every close
pathin Dis zero

M echanics

In the case of aforce field derived from a potentia, the force is said to be conservative
because the work done by this force during a displacement from Aand back to A is zero =
energy isconserved

Kinetic energy isthe ability to do work by virtue of motion
Potential energy is ability to do work by virtue of position

If abody movesin a conservative field then after completion of round trip the kinematica +
potential energy are restored

Friction + air resistance + water resistance = dissipative for ces = converson of mechanica
energy (vibration + noise) into heat
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Exactness and independence of path

Differential form = basis for independence of path
Integrand: Fdx+ F,dy + Fdz

i

Thisisexact if df =—dx+ﬂdy+ﬁdz=Fldx+F2dy+ Fdz
x v

Equivdentto: F = Nf

Topology: adomainD is caled smply connected if every closed curvein D can be
continuoudly shrank to any point in D without leaving D
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Ex. 2
| = ORxyZ’dx + (xzz2 + zcosyz)dy+(2x2yz+ ycosyz) dz
C

To verify that the integral isindependent of the path =» verify that integrand = exact
differentia

P (F3)y =2x?z+C0Syz- yzsinyz

OK!
v Iz

(F,), = 2x’z+cosyz- yzsinyz

Tofind f :

.y = X2Zy+sn yz+ g(x,2)=f

f, =2xyz’ +g, =2xyz’ P g =h(2)

f, = 2x’zy+ ycosyz +h¢= 2x*zy + ycosyzpb h¢=0

f =2x°zy+sinyz

Line integral from (0,0,1) togipz,Z
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Ex. 3 Connectedness

- y __X —
F =- FZ—XZ_I_yZ,Fg—O

Defined everywhere on plane except at the origin

L

Domain D%<4/x2 +y? <g-) not simply connected

Exact differentid:
(F). = 1 x(2x) _ Y- X

Xy (¢+y?) (+y?)

1 y(2y) y* - X2
F =- + =
(R), =% Y (eay?) (R+y?)
If integrd | = @w were independent of path the answer would have been zero
X"ty

Integrating over circle x* +y? =1
Transformation: x=rcosq P dx=-rsingdq and y=rsing b dy =r cosqdq

bl :iz(‘sprqu :6pdq =2p 1 0 not independent of the path
r
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