Linear algebra

Basic Concepts

Development of engineering =» use of computer + linear algebra

Matrix: rectangular array of numbers (entries) or functions (elements) enclosed in brackets

Ex. 1 Coefficient M atrix

5Xx- 2y+z=0 ® -2 1o

b A= =

3x+472=0 &3 0 474
Ry .8y
General notation: A = gajkgzg : =+
&2 3 g

Equality of matricess A=BP a, =b,,

Main diagonal: a,,, &,, 8s,..-, &,
éh

& U
Vectors: row vector a=[a, a, -+ &, column vector b:gng

B°
[(@le)

Transposition: a' ® column vector, b™ ® row vector

If A=ga, g then AT = g8, j ada m’ n matrix transposesinto a n” mone




Different matrices
Rectangular matrices: m" n

Squarematrices: n” n

Symmetric matrix: A" = A (obviously n" n matrix)

Skew-symmetric matrix: A" =- A= & a,

Null matrix: 0=¢€0, 4

lifj=
Identity matrix: 1= éd,-kE] where 6, = {O

Operations

isKnonecker delta

Addition: A+B=C=ga +b jad (A+B) =AT +B’

Scalar multiplication: cA = gca, jj and (cA)" =cA'

General rules;

Addition of matrices
a A+B=B+A
b) (A+B)+C=A+(B+C)
c) A+0=A

d A-A=0

Scalar multiplication

e c(A+B)=cA+cB
f) (c+k)A=cA+kA
9 c(kA)=(ck)A

h 1A =Al=A




Matrix multiplication

Matrix multiplicationC=AB , where A =ga, jism’ n matrixand B =gb, gisar' p
matrix, isdefinedif andonly if n=r P C isam’ p matrix where:

n
]

Ck =aA g by
1=1

?au %z amg &, G, - G
a2 a2 a2n - £ N Q
g ;l ;2 a8 b, - éyd- blpg Qc_ﬂ 22 Ca
g i1 j 2 Jn_g é l;' o chl (;j2 Cjk
P = & T C.
g ' ;gbnl b, - @bnka bnpg g:
ga‘ml amZ a‘r‘mz gcml Cm2 ka
a
Ex A:é 19andB: 1 2 . AB— 1 1\| 12 _ 1.1+1.3 1.2+1.4 _ 4 6
&1 1, 3 4 1 1(3 4 (11413 12414 (4 6

Transpose of product: (AB) =BTAT




Consequences of the definition
a AB1BA
Order of multiplication isimportant:
B Premultiplied (multiplied from left) by A
A Postmultiplied (multiplied from right) by B
In the example above: BA:[; j}

11 (11421 11+21
11

(3 3
31+4-1 31+41]

P AB! BA
77

b) AB=0=A=00rB=00rBA=0
¢) AB=AD P B=D

d) (kA)B=k(AB)=A(kB)

e A(BC)=(AB)C

) (A+B)C=AC+BC

g9 C(A+B)=CA+CB!(A+B)C

Special matrices

&y, a, a139 QO -3 5 1
Upper triangular matrices: Ex. A :é 0 a, agy.or go 0 -1 -6+
0 0 a,p s
%2 & o0 o0 5%
a3 0 0 0p
Bu 990 ¢ 30 g
Lower triangular matrices: Ex. B = 0_.or¢ N
g gaﬂ A 8 0 2 o+
Ay Gy Ang gl 9 3 63

Transpose of Upper triangular = Lower triangular matrix: A" =Band B" =A




&, 0 00
Diagonal matrices Ex. 0 a, O .

0 0 ayg

a 0 06
Scalar matrix: Ex. S=%0 ¢ 0.P SA=AS=cA

§00c5

ad 0 06
Unit matrix: Ex. 1=50 1 0.p 1A=A1=A

éooﬂ,,j

Inner product of vectors = dot product

&
If @ and b arearow and column matricesthen a’b =[a, - an]gi :
& ¢

Multiplication of matrices: every entry of C=AB isaninner product c; =a, >,




Gauss eimination

Mogt important uses of matrices = solving linear systems of equations

Congder asystem of m equationswith n unknowns x;,X,,..., X,

A%+t X, =h
ayX tootay X, =h,

X+t AX, =h,
Coefficients: a,, thisisameatrix
Solution isa vector: x components = solutions
Trivial solution: Xx=0
Matrix form: Ax=Db
ad, .. a, 6 0aX0 abo
ST SRS
G anans o
Homogeneous: b, =0

Augmented matrix: A=ga, b}

|, .. &, bo

¢ . . . Z+
g""m o B D




Th. 1 Row-equivalent sysiems

Row-equivaent linear systems have same sets of solutions

Elementary row operations = produce r ow-equivalent systems
a) Interchangesof 2 rows
b) Addition of constant multiple of one row with another

¢) Multiplication of row by non zero constant

oy ... &y bl?
3 possible linear systemsg : R
gaml PR bnz

1. Overdetermined more equations than unknowns m>n

2. Determined: m=n

3. Underdeter mined: less equations than unknownsm<n
Consistent system =» exist at least one solution

I nconsistent system =» no solution




Ex. 1 - overdetermined system

X - % X =0

- X X - X =0

10x, +25% =90

20x, +10x, =80
Matrix form:

pivot 1=1x1 -1 1 09
¢l 1 -1 0]
¢O0 10 25 90+

d -1 1 0¢

rOV\2+rov\AgO o 0 0

¢0 10 25 90+

€20 10 0 805 rows-20romo 30 -20 80

pivot 2=10 ad -1 1 06

S0 10 25 90~
P row2 %3 ronds 20 80-

¢c0 30
row3%+3 rows +
“h "8 0 0 o}

- 3row2+row3

Back subdtitutionsyield:

_-190 _
-95
P 10x, +25x,=90P X, =4

P X-Xt+tXx=0pP x =2

X3 2

A -1 1 056
pivot 2=10 0 10 25 90 [
row3- row2¢0 0 -95 -190%
pivot 3=-9580 0 0 0 §




Ex. 2 underdetermined system

280 20 20 -50 80g
€06 15 15 -54 27.
§1.2 -03 -03 24 215

280 20 20 -50 80¢ pivotl=3.0
0 11 11 -44 11 .-0.2rowl+ron2
go -11 -11 44 -11 O.4rowl+rowd

&30 20 20 -50 80p
0 11 11 -44 11 pivot2=11
éo 0O 0 O Ogow2+rows

Undetermined =» infinity of solutions

Echelon form
A X tapX e ta X, =
CpX, Fro HCyX, =

X e +kox o =h

Nosolution P r <m and oneof number b.,,...,0. 1 0
Precisely onesolutionb r=n and b ,,,..., b, =0 if present

Infinitely many solutions b r<nand b,,...,0, =0 if present




Rank of Matrix, linear independence and vector space

Linear combination: given any set mof vector & ,..., &, with the same number of
components alinear combination isof theform ca,,) +---+¢,a.,

Considering equation: ca, +---+ ¢, =0

The vectors are linearly independent if the coefficients ¢, =c, =--- =g, =0

a,=[3 0 2 2
Ex.la,=[-6 42 24 54]
a,=[21 -21 0 -15]

Linearly dependent because: 6a,,, - %a(z) -84y =0

3
However, Cay +CA ) = OPc=c,=0

Rank of matrix A = gajk H = maximum number of linearly independent row vectors forming
thematrix = Rank A =0ifandonlyif A=0

Th. 1 Rank in terms of column vectors

Rank of A equals the maximum number of linearly independent column vectors forming A

= A and A" have the samerank

10



Vector space: non empty st V of vectors such that with any vectors By 18y inV dl
their linear combinations ca,, +---+¢,a,, aedementsof V and satisfy laws of Matrix

Dimension of V : number of linearly independent vectorsin V

Basis: linearly independent set of vectorsin V condsting of maximum possible of number of
vectors=- number of vectors of abasisfor V equalsdimension of V

Spanof V : st of dl linear combinations of given vectors s with same number of
components=- §pan = vector space

Subspace: non empty subset of V that itsdf form a vector space

EX. 2 The span of the 3 vectorsin example 1 isavector space of dimension 2, and abasisis
a,), 8, forinstance, or & ,a, efc.

Row space of A : gpan of row vectors

Column space of A : gpan of column vectors

Th. 2 row space and column space

Row space and column space of A have same dimension = rank of A

Th. 3 row-equivalent matrices
Row-equivalent matrices have the same rank

To determinerank of A reduce A to echelon form

Ex. 3
63 0 2 2§ 8 0 2 25 & 0 2 2§
€6 42 24 549 rom+2rom® 42 28 s58Yp © 42 28 s8¢
=& u 8 aP 8 a
g21 -21 0 -159 row3- 7ronlf0 -21 -14 -294 @ O O 0¢

Rank of Ais2

11




For instance, 3 or more vectorsin a plane are dways linearly dependent. Similarly, four or
more vectors in space are linearly dependent

12



Solutions of linear systems: existence, uniqueness, genera form

Submatrix of A : matrix obtained from A by omitting some rows or columns (or both) —
thisincludes A itself

Solution space of A also called the null space, because Ax =0

P rank A =nullity A =n




Determinants and Cramer’srule

Originally introduced to solve linear system
Turned out to be impractical in computation (Gauss €imination method used instead)

Application fundamental for eigenvaue problems

Nth-or der determinant : expression associated with n” n matrix A = ga,

A, 8

2

29 order determinant: D = det A = =a,8,,- 8,3,

Ex. 1 Cramer’srulefor linear systems of 2 equations
For alinear system of 2 equations with 2 unknowns:

ay X +a,X, =h
8y % TayX, =D,

Eliminating x, P (a11a22 - a12a21) X =ha, - a,b,

Eliminating X P (a8, - 8,8,) % =ab, - bay,

Thisis equivadent to:

b a, a; b
=, 8y %A b
D D
Ex. 1
‘12 3‘ ‘4 12‘
4 3x, =12 - - -
=12 18 8 8 o2 856,
2X, +5x,=-8 4 4 3 14
; 4 :

If the system is homogeneous and D * Oit has only the trivial solutionx, = x, =0, and
if D=0, itdsohasnon trivia solutions (eigenvalue problem)

14



a, 4, &,
39order determinant: D=|a, a, a,

& 8y 8y
a, 8y a, a, ag
D = - +
a a, a. A a, a. 8y a, a,

Ex. 2 Cramer’srulefor linear systems of 3 equations
For alinear system of 3 equations with 3 unknowns:

A% +a,X ta,;=h
ayX tanX, ta,=h
Ay %t AgX, +ag; = by

b, D D
D D D
Where:
b a, a; a, b a, a, a, b
D,=lb a, aj D,=la, b, a,; D;=lay, &, b
b, a, ag ay by ag Qy; 3, b

15



nth order determinant

& & &,
&y 8y &y
D=de A =| x X ... X
X X .. X
8y &p v Gy
Forn=1,D=4a,
Forn3 2
D=a,C,+a,C,+...+8,C;, j=12,...,n

or using the columns:

D=a,C, +a,C, +...+a,C, k=12%,n

Where C,, =(- D™ M, =cofactor of a,in D

Where M, isthe determinant of n- 1 order = theminor of a,, in D

IMPORTANT: we may expand D using any row or column

Alternative notation:

D= é. (- 1)j+k ajkM ik

j=1

D=3 ("™ M

k=1

a, &, 4ag
Ex.3 for D=|a, a, agspl\/lﬂ=::2 ::3 22::]: Zj 23:;1 Z:Z
a31 a32 a% 2 3 1 3 1 2
1
6 4 2 2 6
Ex.4 forD=|2 6 4|=1 -3 +0 =-12
2o 4=t 19 197

16



General properties of determinants

Simplification: since determinant of triangular matrix = multiplication of diagona terms
P reducing matrix to triangular form smplify calculation

17



Cramer’srule

Inverse of Matrix and Gauss-Jordan eimination

Worksonly for n° n matrices
Inverseof A=A'b AA*=AT'A=1

Nonsingular matrix b A™* exists and is unique

Gauss-Jordan method

WedatwithAX =1 b A'AX =AY =A", henceto solve AX =1 we can apply Gauss
diminationto A =[Al] b [UH] where U is upper triangular

Gauss-Jordan elimination reduces U to diagond form | transforming H into K such that
P [} k] which isthe augmented matrix IX =K b K = A"

18



Ex. 1

el 1 2p el 1 2 1 0 0p
A=%3 -1 17p A=%3 -1 10 1 0O

él 3 4 él 3 400 1
Firs transformation

@l 12 10 06
r2+3150 2 7 3 1 0.
r3-rlg0 2 2 -1 0 1p

Second transformation

@l 1 2 1 0 05
%0 2 7 3 1 o0F
r3- rzéo 0-5-4 -1 15

Reducing u to |

‘r1ad -1 -2 -1 0 09
05250 1 35 15 05 O .
-ozrséo 0 1 08 02 -02j

r1+23 54 -1 0 06 04 -049
r2-353%0 1 0 -13 -02 07
éo 0 1 08 02 -02fa

ri+r2ed 0 0 -0.7 02 0394
0 1 0 -13 -02 07
éo 0 1 08 02 -02j

207 02 030
b A'=%13 -02 077
gos 0.2 -02,2j
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Useful formulasfor inverses

2 X 2 matrices
A=B @0, ol 3 andAjk:‘azz -3
€, a,gy &y -a, ay,
_ 1 T lem, -a,0
P A =——(A,) == -
daA(A‘k) Dg’ az1 a11 4]

Diagonal matrices
A=ga, g wherea, =0forj® k

1

Theinverse exigtsif and only if a;, * O then A *diagona with entries i—
an 8,

Inverse of products

(AC)'=C'Aor (ABC%PQ) " =P'Q*...C'B*A*

Determinant of products

det(AB) =det A>det B

20



Matrix Eigenvalue problems

Let A=ga,gan nmatrix

Vector equation: Ax =1 x

Eigenvalue (characterigtic): | =vauefor which Ax =1 xand x* O
P Xxisan eigenvector

Set of eigenvaluesof A = spectrum of A

Largest of absolute eigenvaluesof A = spectral radius

The st of dl eigenvaluesof A + 0=vector space

Ex. 1

5 24 5 2 sax 6
A=F> “%% ax=1xp B> <0O_ &0
§2 -25 €2 -2p8% 5  &%p
_5&+2&:|gp(-5¢)&+2&:0
2%-2%=1%  2%+(-2-1)%=0
Equivdentto b (A-11)x=0

By Cramer’srule (page 18- part b),if D(A - | 1) =0 the system hasanon trivia solution

-5-1

D(1)=D(A-1 |)=‘ 2 oo

‘:I 2471 +6=0

where D(] ) isthe characterigtic determinant and D (| ) = Oisthecharacteristicequation

Solving D(] ) =0=>» Eigenvaues. | =-1and| =-6

21



To find eigenvectors: substitute eigenvauesin(A- | |)x=0:

-4x + =0 21~
Forl,=-1p 22 XZ:Z_O b x, = 2x, chosing x, =1pP x;éﬁ
- - u
_ % +2% =0 _ 1 o _é20
Forl,=-6P 5 +4x2:0p X, = 2x1,chosngxl—2|:> Xl_g-lh'
xzaéoand 220
Pl o e

22



Ex. 2

22 2 -39 e2-1 2 -39
A=¢2 1 -6.Pp A-l11=% 2 11 -6
¢1-2 05§12 -1
p D(A-ll):(-z-l)l'zI ) ‘ ‘ j 3‘2 o I‘

P D(1)=0=-1°%-1?+21 +45=0P |,=5 1,=1,=-3

2 3

el 6
Applying Gauss diminationto (A- | I)x=0with | , =5P X, =627

élz

el 2 -3
Forl,=-3P (A-11)=A+31=%2 4 -6
é-l -2 34
ad 2 -36
Which reducesto Y0 0 0 © arank 1 matrix
éo 0 0
P X =-2X+3X,
®20
Choosing x, =landx,=0pP xzzglz
o
a30

Choosing x, =0and x, =1P x3—90

élﬂ

23



Algebraic multiplicity: order M, of eigenvalue as aroot of characteristic polynomial

Geometric multiplicity: number m, of linear independent eigenvector P m =dimension of
eigenspace

Since the characteristic polynomia has degree n, sum of all algebraic multiplicity = n the
degree of the polynomial

InNEx.2,forl =-3P m =M, =2, butingened m £ M,
Difference = defect: DI =M, - m
Ex.for I =-3p O =0

Ingenerd DI >0

Ex. 3

14 1
A=® 10 e(a-i1)= =12=0
&0 0y 0 -l

Hence | =0 iseigenvduewith M, =2 but m =1, since eigenvectorsresult from
-0x+x,=0P x,=0P D,=1

Ex. 4

-1

-1 -1

16 1
A=F 100 qeiasin)= =1 241=0
&1 0g

P l,=iandl,=-i
elgenvectorsresult from -ix, +x, =0and ix, +x, =0, choosng x =1

b xlzgigandb xzzge_lig

24



Applications

Ex. 1 gretching of dastic membrane
Elastic membrane inx x, - plane withboundary conditions x* + X2 =1 is stretched so that a
point P:(x,X,) goes over into the point Q:(y,, y,) asgiven by:

& 300 a0
Ax=yb : == =
YT % 58y s

Stretching = simple transformation of coordinates P:(x,%,)® Q:(Y,,Y,)
Principal direction = vector x of P =» same or exactly oppostedirection as yin Q
=>» Need to find eigenvectors

=> Characteristic equations: (5-1 )*-9=0P |, =8andl , =2

Forl,=8pP -3x+3,=0P x =X, and3x - 3x,=0P x =% =1

Forl,=2p 3x +3x,=0and 3x, + 3, =0P x =-Xx, choosng x, =1P x, =-1

p xlzggand P X, :gillg

First = vector at 45° -- other = vector at 135° o,

Along principa directions =» membrane stretches by factor
8 and 2 respectively

Choosing principd directions as direction of new mm,

Cartesian system of coordinates m =r cosj and
m =rsinj P Undgretched boundary cos; andsinj

After stretching boundaries z, =8cosj and z, =2sinj

2 2

Deformed boundary = dlipse: 5 => principa semi-axes8 and 2 in principa direction

25




Ex. 2 vibrating system of 2 masses on two springs

y#= -5y, +2y,

y$=2y, - 2y,
, Sy 55 2 0éy,0
Equivdent to Y = gyl =AY :g Egylg
&V €2 -2(&%0

Trying y =xe" b y&=w?xe" = Axe"

Putting w? =1 b Ax =1 x

5 2..
For A=g. 2P (-5-1)(-2-1)- 4=1 247 +6=0
£2 -2

bl,=-1p w=+[ 1= andl,=-6b w= [ 6 =+i/6

Eigenvectors (section 6.1 Ex. 1): x, = gg and x, = ?2
[

o
1
4 complex solutions:
x,€" =X, (cost +isint)

X, = X, (cos/Bt + i sin/6t)
Physically only red solutions are meaningful
Generd solution: y =X, (@, cost +b,sint) + X, (a2 cos/6t +b, si n\/Et)

Describe harmonic oscillation of two masses

26



Symmetric, Skew-Symmetric and Orthogonal matrices

Symmetric matrix: AT = A

Skew-Symmetric matrix: A" =- A

Orthogonal matrix;: AT =A™"

Orthogonal transformation: y=A x foreach xin R'® y in R"

Ex. Matrix of rotetion: y = g;o:g -c::qq g}:g
(7]

27



Complex matrices, Her mitian, Skew-Her mitian, Unitary

Applications. numerous in quantum mechanics

7 ~

Complex conjugate matrix: A = g, f

Conjugatetranspose: A" = g8,

Ex.1
+4i -5 - &8-4i 5 5 - 4
a=ZTH SO, 2B O w=F
§-7 6-24 § -7 6+2i, § 5

Hermitian matrix: A" =AP &, §= & §
Skew-Hermitian matrix: A" =-AP @g=& a,f

Unitary matrix: AT =A™

-7 f)
6+ 2i &

28



Ex. 2 Hermitian, Skew-Her mitian and unitary

el 1 =6
a4 1-3 a3 2+i 9 QEI Eﬁ_
) = . _— c -
§1+3 7 4 &-2+i -i g 1 1.1
—/3 - +
A

Consequences

If AHermitian P &;=a; P red

If A Skew-Hermitian P 3, =-a; P pureimaginary or zero

If aHermitian matrix isred then AT = AT = A P symmetric

If askew-Hermitian matrix isred then A" = A" =- A b skew-symmetric

If an unitary matrix isrea then A" =A™ =A"' b orthogona

Hermitian, Skew-Hermitian and Unitary matrices generalize symmetric, skew
symmetric and orthogonal matrices respectively

Eigenvalues

I;r,.F-EﬁEW-H-EFmiﬁEI'I (skew-symmetric)

Unitary (orthoganal)

Harmitian {symmetric)

Re k
1 g’

29



Ex. 3

4 1-3 |.=9
Hermitian: & Ob 1 2-111 +18=0p '
gl+ 7 a |2:
3 2+i |. =4
Skew-Hermitian: & _ 9!3 | 2-2il +8=0p '
8'2"" -l g |2=-2l
1. 1 e 1 1.
¢33V 1250345
Unitary: ¢ 'b | 2-il -1=0P
1 1.
—I + |, =-=4/3+=i
§2 2 ﬂ 2 2
1\/§+1|2_3+1_1
2 2 4 4
Forms

X' Ax = form in the components x,... x,of x and A = coefficient matrix

For n=2

o o1l QK| o oMt |
S i L bt
=a;; XX +a,XX% +a,%X + 8,%X%,

In generd:

X Ax=> > a,Xx > asumof n’tems

i=1 k=1

For xand Ared: X' Ax=x"Ax= Y a,x % = quadratic form

=1 k=1

Coefficient matrix must be symmetric =» we can takeoff diagonal terms together in pairs and
write the results as a sum of 2 equd terms

30



3 4
Ex.4 X Ax=[x XZ][G 2][Z]=3xf+4xlx2+6x2xl+2x§=3xf+10x1x2+2x§

3 5
Coefficient matrix can be rewritten as: [5 2] which is symmetric

If coefficient matrix Hermitian =» Hermitian form

If coefficient matrix Skew-Hermitian = Skew-Hermitian form

Ex.5

3(1+i) +H(2—-i)2
(2+i)(1+i)+ 4-2i

125

—_T M o
2ii 4 ]:>x Ax=[1—-i —2]
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Properties of Unitary matrices and complex vector space

For complex vector space C" inner product a-b =a'b

Lengthor norm |a|=Va-a=+a'a=.[aa +...+3a, :\/|al|2+...+|an|2

Note: for real vector = reduces to usua norms

Complex analog of an orthonormal system of real vectorsis a unitary system defined as

a T Oforj=k
8= &8 1forj=k

Ex. 6
Fora' =[1 ijad b'=[3 2+i] =3a'b=3-i(2+i)=1+i

1.4
0.2

0.6i 0.8

08 06

For A= _
[ —0.6+3.6i

]:>Aa=

] . Ab— [—0.2+ 0.8i]

:>(K§)T Ab =1+i the matrix Aisunitary: @ a =aja, =1land & a, =0
=> determinant = -1
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Similarity of matrices, basis of eigenvectors and diagonalization

Eigenvectorsof nxn matrix A may (or may not) form abasisfor R or C"

If they do they can be used to diagonalize A =» eigenvalues on the main diagona

Similarity of matrices

Annxnmatrix A issmilar to A if A =PAP (similarity transformation) for some
nonsngular nxnmatrix P

Actualy, basis of eigenvectors exist under more generd conditions than those givenin Th. 3

A basis of eigenvectors of matrix A is of great advantage for transformation y = Ax




Writing interms of basis X = ¢, X +C,X, +...+C.X,

=y =AX=A(CX, +CX, +...+CX, ) =CAX, + CAX, +...+CAX, = CAX, +CAX, +...+CAX

n”'n“'n

Decomposed action of A onx into smple multiplication by scalar (eigenvalues) on
eigenvectorsof A

Diagonalization

Ex. 7

A:[S

=> egenvectors.
12

4 1 4 1
and[ ]henoexz ]
1 -1

]_ _
1 1(—1 —1)(5 4)(4 1) (02 0.2)(24 1 6 0
= XIAX =—= :| —
5|-1 4 1)l1 -1 t02 08)(6 -1} (0 1
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Ex. 8
73 02 -37

A=|-115 10 55
177 18 —-93

Characterigtic determinant = characteristic equation
AN 412 =0= )\ =3, )\, =4, \,=0

Eigenvalues + Gauss dimination to (A — )l )x = 0= eigenvectors

-1 1 2 -1 1 2
3 -1 |1|=X=|3 -11
-1 3 4 -1 3 4
-07 02 03

Gauss-Jordandimination = X ' =|-13 -0.2 0.7
08 02 -02

3 00
D=X'AX=|0 -4 0
0 0 O
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Transformation of formsto principal axis

Quadratic form: Q =x" Ax

Since A symmetric =» has orthonormal basis of eigenvectors
P X*'=X"p A=XDX"'=XDX'

P Q=x"XDX'x

Putting X'x =y b XX"x = Xy

Furthermore: (xTX) = (XTx)T =y

P Q=y'Dy=1,y+l,y;+...+l y
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Ex.9

Q=17x2 - 30x,X, +17x2 =128

) 7 15
P Q= xAxwherex—aexlo _ael 2
&X, 5 &-15 17 4

Characteristic equation: (17-1 )*-15°=0pb |,=2andl,=32
b Q=2y?+32y? =128

e Y Yo
Ellipse: 8—12+2_§—1

To find the direction of principa axis =» normaized eigenvectors

aa/\[206 ae]/J—o
Solving (A - | 1) x= 0 with two eigenvalues = X, =
%z/fg "R G
B/N2 - 1YN20, 6
Hence x = Xy _gl/ _th|S|sarotat|onby 45
NIRTN
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